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A New Solution Method for Lifting Surfaces in Subsonic Flow

T. Ueda* and E. H. Dowellf
Princeton University, Princeton, N. J.

A simple method for calculating the unsteady aerodynamic loadings on harmonically oscillating thin wings in
subsonic flow has been developed. The method is based on a concept of concentrated lift forces. The wing is
divided into the element surfaces on which lift distributions are represented by single concentrated lift forces.
Since the procedure does not include any quadratures, it can be applied easily to calculate the unsteady
aerodynamic loadings on complex planform wings even when they have partial span control surfaces. Numerical
calculations are carried out for various wing geometries and compared with other analyses and experiments.

Nomenclature
& = aspect ratio of a wing
B,BR>BL = functions defined by Eqs. (9) and (10)
b = semichord length of a root chord
CL,Cf = complex lift coefficient
CM,Cm = complex moment coefficient
D = matrix defined by Eq. (12)
h = nondimensional vertical displacement amplitude

of a wing
K = kernel function
k = reduced frequency
M = Mach number of a uniform flow
Nx = chordwise number of elements
Ny = one-half of the spanwise number of elements
A/7 = nondimensional amplitude of pressure

differential
p = pressure vector
Q = reduction matrix
R = parameter defined by Eq. (7)
r = nondimensional spanwise distance
5 = total wing area
u = velocity of a uniform flow
w = nondimensional amplitude of upwash velocity
w = upwash vector
X = parameter defined by Eq. (8)
x0 = parameter defined by Eq. (4)

' y0 ' = parameter defined by Eq. (5)
a = angle of attack of a wing
0 =Vl-M2

7 =Euler's constant
A, = area of an element surface
6 = flap deflection angle
$ = modal matrix
</> = phase angle of complex coefficients

= sweeping angle of a quarter chord line of a wing
= taper ratio of a wing
= one-half width of an element surface
= air density of a uniform flow

A
X
o, oi

Poo

Subscripts
I
i
L,t
Mym
R

= imaginary part
= /th element surface
= lift forces
= moment forces
= real part
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Introduction

AN important problem for aeroelasticiansl is to evaluate
the pressure distribution on a wing in oscillatory motion.

Many methods2'7 have been developed for calculating the
unsteady pressure distribution on a thin finite wing in sub-
sonic flow since Kussner8 formulated the governing integral
equation in 1940. The methods can be divided into two
principal categories, the mode function method2"4 and the
discrete element method.5'7 Watkins et al.2 developed the
former for practical use. Further developing this method,
Rowe.et al.4 calculated successfully the unsteady pressure
distribution on wings with control surfaces. However, control
surfaces which generate discontinuities in the upwash
distribution, and other complex planform configurations,
make this procedure sensitive to the manner of representing
the additional singularities associated with such geometries.

A typical procedure of the discrete-element method type is
the doublet lattice method,6 which is an extension of the
vortex lattice method9 originally developed for steady flow to
the unsteady flow case. This method is used widely (e.g., see
Ref. 10) because of its ready applicability to complex wing
configurations. Although the method yields reasonable
results, it contains an inconsistency in that the steady-state
part (the portion independent of the reduced frequency) must
be calculated with the aid of the vortex lattice method despite
the fact that the basic equation of doublets is valid even when
the flow becomes,steady.6 This inconsistency is due to the
difficulty in evaluating an improper integral along a spanwise
coordinate which one encounters when using the acceleration
doublet formulation.

The doublet, which is closely related to the vortex, may be
derived purely mathematically as a derivative of the Green
function for the Helmholtz equation. Since the kernel func-
tion of Kussner's integral equation was derived from the
doublet of the acceleration potential which satisfies the same
partial differential equation as the velocity potential, it
concerns only the pressure differential. On the other hand, the
trailing vortex itself makes no contribution to the pressure
differential but affects only the upwash distribution. Thus,
the upwash induced between the two trailing lines of the
horseshoe vortex is hidden in the r ~2 singularity of the kernel,
where r is the spanwise variable defined later by Eq. (6). This
is the reason why the singular integral must be evaluated in
Mangler's sense.n

Since the governing differential equation of the flow
becomes the Laplace equation if the flow is steady and/or
incompressible, a line of the acceleration doublet can be
interpreted directly as the vortex in that case. For an in-
compressible flow, Jordan7 evaluated the improper integral
accurately using a constant doublet line at a quarter chord of
the element.
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In the present method, we account for this integration
properly, for compressible, unsteady flow, not by resorting to
the doublet line or the vortex but according to the sense of
Mangier in a discrete system. The method, which has the
above-mentioned consistency to the steady flow, is much
simpler than the doublet lattice method. The wing is divided
into segments of small panels and the lifts of individual
segments are represented by single concentrated forces which
correspond to the acceleration doublet points mathematically.
Since no quadrature is required in the procedure, it requires a
relatively small amount of computational time. Above all, the
method is simple.

The authors found, after they fully developed the method,
that a concept similar to the present method has been
described independently by Houbolt.12 His concept, however,
did not reach a final result including numerical evaluation for
three-dimensional flow which is accomplished by the present
paper. Moreover, a key point of the present work is an
analytical evaluation13 of the pressure kernel function.

Some mention should also be made of the so-called panel
method. Instead of using Kussner's integral equation, Morino
and Kuo14 adopted a more general form of the integral
equation for unsteady flow which includes the Green function
of the velocity potential. This panel method has been
developed to a higher approximation by Dusto et al.15

Although the method can be applied to the thickness and
body/wing interaction problem as well, Ku'ssner's equation is
still essential as far as the circulatory part of the pressure
distribution is concerned.

Doublet Point Method
Amplitudes of pressure distributions of oscillatory lifting

surfaces and of their upwash velocity are related by the in-
tegral equation1'8 as,

Sir (1)

The lifting surface is assumed to lie in the plane z = 0. The
symbol Ra denotes the region of the wing area. We treat every
quantity of Eq. (1) as a nondimensional value. The semichord
length b of the root chord is chosen for nondimensionalizing
length variables and the uniform flow speed u for the
disturbance velocity. The pressure coefficient A/? is defined by

(2)

where p'+ and p'_ are disturbance pressure of the upper and
lower surfaces of a wing, respectively. The denominator in
the right-hand side of Eq. (2) is the dynamic pressure of the
uniform flow/The kernel function K(x0,y0) in Eq. (1) can be
written as

The function B(k,r,X) in the kernel represents an integral
function of complex values, i.e.,

(•*
B(k,r,X)=\

J -0 (v2+r2)2 \ 3/2 dv

This function can be separated into two real functions as

B(k)r)X)=BR(ktr)X)+i-BI(kfrfX)

(9)

(10)

Values of these functions can easily be obtained by the series
found in Ref. 13. The series is also shown in the Appendix.
Since the kernel function K(x0,y0) corresponds to a normal
velocity field that is produced by a point doublet of the ac-
celeration potential located at (£,17), we call the point (£,17) a
doublet point. Further, we call the point (x,y) an upwash
point where the normal velocity of the upwash is placed.
Analogous to the doublet lattice method, the wing planform is
divided into panel segments called element surfaces. Each
element surface is constructed such that the two side edges are
parallel to the uniform flow. We identify the individual
elements by numbering them from 1 to TV (see Fig. 1). As
shown in Fig. 2, let us focus our attention on the /th element
surface.

The trapezoid of the element has the area A, and the width
2(7,. Although there is no rigorous verification, following
successful application to the doublet lattice method, we adopt
the l/4-3/4 chord rule9 for element surfaces. Namely, the lift
distribution on the surface is concentrated at the point (£/,?;/)
on the quarter chord at the midspan of the element. This is the
equivalent to putting there a doublet source of the strength,
4p(£ />i?/) A/. Thus, the location (£,,17,) is the doublet point of
the element surface. Similarly, the upwash of the three-
quarter chord point (xity{) at midspan is taken as represen-
tative for the whole upwash distribution on an' element
surface. These assumptions make it possible to discretize the
integral equation (1) into linear algebraic equations. Instead
of Eq. (1), the upwash w, of the /th element can be calculated
in a discrete system by

(11)

Fig. 1 Element surfaces.

(3)

In Eq. (3), the following parameters have been defined

r=\y0\

X=(x0-MR)/$2

(4)

(5)

(6)

(7)

(8)

DOUBLET POINT

Fig. 2 The /th element
surface.

- UPWASH POINT
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If we put

then, the following algebraic equation is obtained

w=Dp

(12)

(13)

(14)

(15)

The upwash vector w is calculated from the given oscillatory
mode shape h(x,y) by

f=—h (xi9y,) + ikh (xiyox
(16)

This is the outline of the discretization. Some mention should
be made of the Kutta condition and the singularities of the
kernel function. With respect to the Kutta condition at the
trailing edge, the l4-3/4 chord rule allows one to avoid im-
posing directly the Kutta condition on the pressure
distribution as is also the case for the doublet lattice method
and the vortex lattice method. The singularities, however,
require rather careful handling with respect to their ,
discretization. The integral of Eq. (1) has no meaning in an
ordinary sense since it becomes infinite because of the r~2

singularity in the part of BR(k,r,X) as r-*0 and X>Q. If the
integration includes this region, we must calculate the integral
in Mangler's sense.11 In order to do this for the discrete
system of Eq. (11), we first consider the spanwise integration
of the function BR for the region r<a, X>Q, where the
upwash point lies behind the doublet point. The definition due
to Mangier is introduced,

BR(k,r,X)dy0- —
e— 0 L J — CT Je €

If we utilize the equations,

S -e poo 2 4

-„+). 7^<=7

v lim
e_0

then the definition of Eq. (17) becomes

(X>0) (17)

(18)

(X>0) (19)

BR(k,r,X)dy0=\° \BR(k,r,X)-—]dy0- —-a J -a L rz J a

(X>0) (20)

0 a- 2cr 4cr 6cr 8<7 I0<r

Fig. 3 Integral in the discrete.system.

The integral in the right-hand side of Eq. (20) is no longer
infinite and has a finite value in the ordinary sense. The
function BR of the positive argument X can be related to that
of negative A" by means of the modified Bessel function of the
second kind as

BR(k,r,X) = -BR(k,r,-X)+2(k/r)Kj(kr), (X>0) (21)

Substitution of Eq. (21) into Eq. (20) and using term-by-term
integration yield

' •BR(k,r,X)dyg=-\' BR(k,r,~X)dy0- —
— a J —a (J

5» (ko/2)2n+1

(22)
4n+3

Then, if kv< 1 , the integral can be approximated by

\-BR(k,r,-X)- —
L 0"

(23)

It can be seen from Eq. (23) that in order to include the effect
of Mangler's integral in a discrete system, the value of the
function BR in the kernel should be replaced by

(24)

if the upwash point is located downstream of the doublet
point (£,, y}) within a width which is defined by 2ay. The
second term in the right-hand side of Eq. (24) represents the
effect of a horseshoe vortex in the vortex lattice method. It,
however, overestimates the effect in a discrete system as it
stands. In Eq. (20), the corresponding term can be regarded as
cancelling the quantity,

2 A 4
— dr= —
r2 a (25)

On the other hand, in the discrete system, the integral in the
left-hand side of Eq. (25) may be evaluated by (see Fig. 3)

2(2a) £ 4
\ (2ma)2 12 a (26)

This leads us to the conclusion that when an upwash point is
downstream of a doublet point, the value of the function BR
should be evaluated by

(r<Oj,X>0) (27)

Although the last term in the right-hand side of Eq. (27) may
be expected to have a similar modification, it can be neglected
when ka is small.
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Fig. 5 Dependency on spanwise number of elements in unsteady case

Numerical Results
Solving Eq. (15) or Eq. (31), we can directly obtain the

pressure differentials which are the concentrated forces at the
doublet point divided by the corresponding element area.
Although the following definitions are not essential to this
method, for convenience we define the complex lift and
moment coefficients as

(summation is chordwise at y=yi)

(32)

(33)

(summation is chordwise at y = y f )

Reduction in the Degrees of Freedom
It is efficient to perform a reduction in the number of

degrees of freedom before solving the matrix equation of Eq.
(15). For example, one may be able to put some constraint on
the pressure distribution p by symmetry. In this case, the
pressure distribution will be represented by a smaller number
of degrees of freedom as

p=Qp (28)

Then, within the framework of Eq/(28), Eq. (15) can be
solved as

P=[QTDQ]'-rQTw (29)

Furthermore, if we adopt the modal approach to the discrete
system of w so that

then the pressure distribution becomes

P=[QTDQ]-!QT3>w

(30)

(31)

(S/2) (34)

(S/2) (35)

where S is a total wing area and xm the location of the axis
around which the moment force is to be calculated.

When the reduced frequency tends to zero, the flow
becomes steady. For a rectangular wing of AH 2 in steady flow,
the pressure distributions and the lift coefficient slopes have
been calculated for various numbers of elements as shown in
Fig. 4. The chordwise pressure distributions at the location of
y-0.2 are shown in Fig. 4a for three different chordwise
numbers of elements Nx. The spanwise number of elements is
fixed at five. It can be seen from the figure that even a small
number of elements gives satisfactory results. The con-
vergence in spanwise number of elements is shown in Fig. 4b
with a fixed chordwise number of elements. Although the
fewer spanwise elements give slightly higher values of the
local lift coefficient slope than the values given by the large
number of elements especially near the wing tip, it appears
relatively insensitive to the number of elements. This property
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remains as the flow becomes unsteady. Figure 5 depicts the
dependency on the spanwise number of elements of the same
rectangular wing that oscillates in pitching motion around its
midchord axis. The results are compared with those of
Laschka3 which were calculated by the mode function
method. Four spanwise elements provide a well-converged
solution. If we compare the results for the total lift coef-
ficient, even two spanwise elements give favorable value of
CL = 2.4 + 3.2/ while for the 10 spanwise elements the total lift
coefficient is C L =2.1+3.4 / . Chordwise pressure
distributions of 10 spanwise and 5 chord wise elements at two
different spanwise locations are shown in Fig. 6 being
compared with the results of the mode function method.3

Both real and imaginary parts of the pressure distributions by
the present method are smaller at the inside of the wing and
slightly larger near the wing tip than those by the mode
function method. This tendency is also seen in Fig. 5. The
total lift and moment coefficients of this pitching wing in
incompressible flow are compared with the calculation by
Lawrence and Gerber16 for various reduced frequencies in
Fig. 7. The agreement between the two results is good.

Calculations have been carried out on two different
planform wings which appeared in Ref. 3. The results are
compared with those by Laschka3 in Figs. 8 and 9. The wing
shown in Fig. 8 has a sweep angle of 45 deg and oscillates in
heaving motion with a unit amplitude. The local moment
coefficient in the figure is taken about a point of midlocal
chord. Compressibility is also included in this case. Com-

parison between the two results is satisfactory both for in-
compressible and compressible flow except for the moment
phase angles which exhibit slight differences on the inner
span. Figure 9 shows the results for a delta wing of ̂  4 which
undergoes a pitching motion around the axis penetrating a
midchord point at the wing root. The abscissa is reduced
frequency. Both the total lift and moment coefficients show
good agreement with those of Laschka. In this calculation, 49
element surfaces are used. The average CPU time for com-
putation for one reduced frequency was 8.5 s on an IBM3033
computer. The computational time of this method is almost
independent of the planform configuration, which is a great
advantage when the wing configuration becomes complex.

Further calculations have been made on two wings having
partial span control surfaces. The result for the wing with a
deflected partial flap in steady flow is shown in Fig. 10. The
result is compared with that by Rowe4 showing good
agreement in spite of a rather coarse element representation
for the present method. For the same wing, the result is also
compared with the experimental data17 at y= 1.4 in Fig. 11.
The chordwise distribution of the experiment was measured at
the location of 44% semispan (y=1.47). The result by the
doublet lattice method6 using 10 chordwise and 8 spanwise
lattice is also depicted in the figure. The pressures on the flap,
calculated by both methods, indicate slightly higher values
than the experimental data.

The unsteady pressure distribution obtained by the present
method is shown in Fig. 12 for the wing having an outboard
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Fig. 10 Pressure distribution of a wing with deflected flap GK =U, * = 0, M= 0.6, Nx = 5, N = 8, A = 35 deg, X = 0.6, a = 0 deg, 5 = 10 deg).
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Fig. 11 Comparison with experimental data of the deflected flap
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Fig. 12 Results for unsteady pressure distribution of the wing with
oscillating partial flap OR = 2.94, A: = 0.372, A/=0, A = 25 deg, X = l,
d = 0.66 deg).

flap which is flapping with an amplitude of 0.66 deg. The flap
was divided into eight equal elements in the calculation. The
upper and the lower figures written in an element are the in-
phase and out-of-phase components of the pressure at the
doublet point, respectively. In Fig. 13, the values of the third
streamwise row from the wing tip, y=1.95, are compared
with the experimental results by Forsching et al.18 Although
the exact location of the experimental data cannot be found in
Ref. 18, the agreement is encouraging if we consider the
simplicity of the present method. The computational time for
this wing including the steady flow case (k = 0) was 12.6 s.

Finally, we show the result obtained by the present method
for a straight tapered wing which has been proposed as a

Ap

0.08

0.06-

0.04-

0.02

-0.02
LE.

Fig. 13 Comparison with experimental data of the oscillating flap
wing.
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°0 0.75 1.50 2.25 . 3.00
y

Fig. 14 Local lift-curve slope for a sample wing (JR. = 5, k - 0, M= 0,
Nx = 5, N = 10, A = 0 deg, X = 0.5).

sample wing to gain an appreciation for the accuracy of
various lifting surface methods.9 The flow is assumed in-
compressible and steady. The spanwise distribution of the
local lift-curve slope normalized by the global value is shown
in Fig. 14 and compared with experimental data obtained by
Theil and Weissinger.19 The agreement between the present
method and experiment data is excellent, especially for the
pressure distribution measurements at an angle of attack of
11.4 deg.

Conclusion
The doublet point method has been developed for

calculating the subsonic unsteady aerodynamic forces which
act on two-dimensional wings. The numerical results are
promising if one considers that the method is so simple that it
is easy to program for computation. Since it is based on a
concept of concentrated forces, the results obtained by the
present method are readily combined with aeroelastic analyses
for flexible wings. For example, the problems of flutter,
active flutter suppression, and gust alleviation, separately or
together using the finite-element method of structural
analysis, may be treated.

Appendix
The real functions in the right-hand side of Eq. (10) are

= J
coskv

-oo (v2+r2)2\3/2 (Al)
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sinkv
rdi;l-oo (V2+r2)3/2

These functions can be expanded in series as,

(A2)

(A3)

Bl(k,r,X)=
n = 0

~2 (A4)

where the term Un which is a function of X can be calculated
with the aid of the recurrence formula,

(kX) m-l (kr)-
(m-2)m\ \/X2+r2^~ m(m-2)

(A5)

The initial terms of the recurrence formula (A5) are given by

Jx^r
Equation (A3) also requires U0,

.+!U(^X2+r2-X)}

(A6)

(A7)

(A8)
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